It is proved that the classical S-operator for relativistic spin-0 and spin-4 particles in time-dependent external fields is gauge invariant, and that S,.. and S-+ are entire functions of the coupling constant in the Hilbert-Schmidt norm. As a result the Fock space S-operator exists for any real value of the coupling constant, and is gauge invariant. The external fields and the gauge function are assumed to be real-valued resp. complex-valued functions in S(R").
INTRODUCTION
This paper deals with the S-operator for massive spin-0 and spin-+ particles in time-dependent external fields, described by the Klein-Gordon resp. Dirac equation. The external fields are described by infinitely differentiable, fast decreasing functions on space-time. ( The results could be easily extended to more general functions, but we do not consider this.) In the spin-0 case we admit scalar and vector fields, in the spin-3 case any linear combination of the five well-known tensor types.
In Section 2 it is shown that the classical (i.e. single particle) S-operator is gauge invariant in the sense that it remains the same if the vector field A, is replaced by -4, + 8,/l with A a (complex valued) function in S(P). This immediately results from the relation between the time evolution operators in the presence or absence of the gauge term that we establish below (Eq. (2.4)).
The main result of Section 3 is that the transformation of the Fock space field operators, generated by the classical S-operator, can be unitarily implemented in Fock space for the fields mentioned above, i.e. that the Fock space S-operator exists for these fields. This is a consequence of the more general result that S+-and S, are HilbertSchmidt entire functions of the coupling constant and well-known implementability criteria.
In the spin-+ case the implementability result is not new. In fact, this has been recently proved by Palmer [I] for the Dirac equation in any space-time dimension with a larger class of time-dependent fields than we consider. Unfortunately, his proof is very long and complicated. Our method of proof is inspired by Palmer's, but it is much shorter and simpler, and it can easily be used for the spin-0 case as well. It might also be useful for higher spin theories.
In the spin-0 case the result extends results of [2, 31. In [2] Bellissard proves that implementability holds for the above-mentioned fields, provided the coupling constant is small enough (he also shows this in the spin-$ case), while in [3] it is shown that implementability holds for scalar and electric fields (in the spin-4 case electric and "pseudo-electric" fields). The present result lifts the restrictions on the coupling constant and the type of field.
The results of this paper have been announced in [4] , to which the reader is also referred for general information on the external field problem. 
From (2.9) and (2.1 I) we conclude, using also [3, (2.22) ], that on M we have
. exp( --iHot) -4(t, -"5).
(2.12) Using (2.5) it follows that (2.7) holds. Hence, (2.4) holds. By taking the limit t a co in (2.4) we conclude S( a: A) = q1.y.
(2.13)
We have proved:
THEOREM 2.1. The classical S-operator for spin-4 particles is gauge invariant in the sense described above.
In view of Corollary 3.2 below the Fock space S-operator exists for the fields considered above. Therefore (2.13) implies: COROLLARY 2.2. The Fock space S-operator for charged spin-$ particles is gauge invariant .
B. Spin-O
We proceed in the same fashion as in A. We now have the Klein-Gordon equations
where A, ,..., d, resp. fl are real-valued resp. complex-valued functions in S(P). We assert that (2.4) again holds true, where the operators U now denote the interaction picture evolution operators on X := W1,s(R3) @ Wl,a(R3) corresponding to (2.15) resp. (2.14), and where H,, is the free Hamiltonian Ho = ( -A "-m2 ;, 9 ) (2.16) which is self-adjoint on Ws,2(R3) @ W,,,(P) (cf. [3, Sect. 4A, B]). Reasoning as in rZ we infer that it suffices to show that on a dense subspace
. exp( -Hot) ;l(t, -8x)). (2.17)
However, (2.8-12) also hold in this case, but now in (2.12)
~~'tt' ') ~ (iv . A + iA . lo-; A 12 + -~4 ,",) tt, ').
(2.18) Using this and (2.16) it is straightforward to verify (2.17), and thus (2.4) follows.
As a result we obtain (2.13). We have proved:
THEOREM 2.3. The classical S-operator for spin-0 particles is gauge invariant in the sense described above.
Since the Fock space S-operator exists by virtue of Corollary 3.4 below, we also have: COROLLARY 2.4. The Fock space S-operator for charged spin-0 particles is gauge invariant.
IMPLEMENTABILITY A. ,4 Prototypical Case
The crucial idea of the proof that the off-diagonal parts of the S-operator (see below) are Hilbert-Schmidt (H.S.) is quite simple. For clarity we first treat a special case. We consider integral operators TJ:) (n > 1, e, E' = +, -) on L*(Rs, dp) with kernels TjJ?)(p, q) = s dk, ... dk,-, j-1 dt, exp(irE,t,)~(t,
Here,
and E(t, k) is the partial Fourier transform of a function F(t, x) in S(R*). One easily verifies that the integral is absolutely convergent and that T$)(p,q) is jointly continuous and C" in p andq. As will be seen, the kernels TJJ'(p, q) are prototypes for the kernels that occur in the classical S-operator. We claim that for any I E N there is a C such that 
Thus, changing variables, i=l (3.3) follows. Now it is well known that a measurable function T(p, q) satisfying tsuP [ dq 1 T(P, q)()(suP 1 dp I ~(p, q)l) = C' < oo IIa (3.8)
defines a bounded integral operator T (with 1) T jj < C) on Lz(R3). (To see this, note that (3.8) implies that T is bounded from L1 to L1 and from Lx to L*, and apply the Riesz-Thorin theorem (5).) I n view of (3.3) this implies that Tj:!' is a bounded operator on L2(R3) and that Cfl_, T$' converges in norm to a bounded operator TEE-. (In the spin-0 and spin-i cases the corresponding assertions for the classical S-operator are a direct consequence of its structure (cf. [3, Sect. 2]), i.e. one does not need the above argument. We have given it nevertheless, since it might be useful for higher spin theories, and since we have occasion to use estimates like (3.3).)
We now assert that TpG are actually H.S. and that &r Tr' converge in II . II,t o TtT . This clearly follows if we can prove that for any 1, m E N there is a C such that
(3.9) (Of course, (3.9) with I= m = 2 already suffices.) We prove (3.9) for TPJ. The proof for Tly is similar. We first observe that
Indeed, this follows by making the change of variables ti + ti + t (i = I,..., n) on the right-hand side. Differentiating this identity m times with respect to t, and setting t = 0 and we obtain x exp(iE,t,)Eul)(t, , P -k,) 1" dt, * -m
Now by the same estimates we used to prove (3.3) it follows that there is a C such that each term in the sum satisfies the estimate (3.3) with the same C for each term. Since the sum has less than (m + 1)" terms (3.9) results, and thus our assertion is proved. Note that if one considers the more general integral operators T:?(P, 4 = L,,(P, 4) T:? (P, 4, where f,,,(p, q) are measurable functions satisfying (3.13) lf,*(p,q)l d C(1 + P")'(l + 4?, r, s > 0, (3.14)
one can no longer conclude that p*, (n) define bounded operators on L2(R3).
However, in view of (3.9) it again follows that p:' are H.S., and that the operators 24 7: converge in ]I . 11s to H.S. operators. In closing this subsection we should like to point out that the results obtained above can also be derived if one regards Ti,".' as operators on L2(Rk) for any K > 1, i.e. if in (3.1) p, kj , q E Rk andF E S(Z?+l). Indeed, this easily follows by inspection of the estimates. Moreover, one could consider more general functions F. We leave this to the interested reader, however (cf. also (1) Proof. We consider only S+-. The proof for S-+ is similar. It is clearly sufficient to show that R'">" considered as integral operator on L2(R3), is H.S., and that Cr==, Ry!"%onierges in /I . II2 , uniformly in A for X in any compact subset of C. To prove this we use the results of the preceding subsection. By comparing (3.1) and (3.16) one sees that Ryzi' is equal to a sum of 2+l. 42n terms that have the same structure as Ty' , the only differences being that the E,( in (3.1) can also have a minus sign, that additional bounded functions of p, ki andq occur in the integrand, and that instead of one test function F sixteen different test functions V,, can occur. However, with these differences the analogue of (3.12) still holds true for all these terms, as follows from inspection of (3.10). Since only a finite number of derivatives of a finite number of test functions is involved, there is no difficulty in verifying that the analogue of (3.9) holds for each term, and thus that I(E, + E,)* REli"'(p, q)l < I h 1" C"(n!)-'(I + I p t q j2)-'.
(3.17)
Consequently, our assertion follows, so the theorem is proved. 1 COROLLARY 3.2. The Fock space S-operator for charged spin-8 particles interacting with the external jelds described abowe exists for any real value of the coupling constant.
Proof. Cf., e.g., [fYJ 1 C. Spin-O In this case one has Z? = A?+ @ X with s+ , K = L2(R3, dp), and the S-operator on 3P satisfies WVf L(P) = fdp) + zl .,z _ j-d&h s>fds>, 
